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A bstract.
A brief review is given of exotic atoms and the effect on their energy levels of 
the strong interaction. This is followed by a more detailed review of the special case 
of kaonic hydrogen and the discrepancy between the scattering and the bound-state 
experiments which has been unexplained for well over a decade. There are comments 
on the difficulties encountered in the experiments and possible reasons are given why 
the published results may be spurious.
The single-channel optical model potential of Law et al. was used for a large 
number of searches and a number of parameter sets found which gave perfect fits to 
the scattering length and shift and width. Their work was extended to include the 
finite size of the proton and excellent fits found but the resulting potentials were too 
strong to be plausible.
An exact relativistic calculation is described in which the integrals are evaluated 
in closed form and the importance of relativistic effects investigated. This could form 
the basis of a coupled-channels calculation which would be much more reliable than 
the numerical method of Schnick and Landau.
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1. Introduction
1.1. Exotic Atoms
Exotic atoms have a normal nucleus but a negative “exotic” particle, such as a 
muon, pion, kaon, anti-proton or sigma, orbiting around it. They are formed when a 
beam of exotic particles is slowed down and stopped in matter, after which time it is 
captured by a single atom and cascades down through the allowed levels. The radius 
of an orbit in an atom is inversely proportional to the reduced mass of the orbiting 
particle and nucleus. Since the exotic particles are all very much more massive than 
the electron, this means that there are many low-lying exotic orbits with radii much 
smaller than the lowest (IS) orbit of the electrons, and the presence of the electron 
cloud may be ignored to a good approximation when the energies (or differences of 
the energies) of these levels are calculated.
The energy levels of all exotic atoms may be used to deduce information about 
the nucleus-exotic particle interaction or the structure of the nucleus, supplementing 
the information which comes from scattering experiments.
When muonic atoms are studied, the interaction is purely electromagnetic and 
the energy levels (and transition rates) may then be used to investigate such nuclear 
properties as the charge or magnetisation density. For higher orbits in which the effect 
of any uncertainties in the densities are negligible, the energies may be used to test 
theories of the break-down of the Coulomb law of force at short distances, i.e. the 
effect of vacuum polarization and Lamb-shift (self-energy) corrections.
The other exotic particles are hadrons, i.e. they have a strong as well as an 
electromagnetic interaction with nuclei, and the energy levels and widths maybe used 
to study the strong interaction. This has been done extensively in the case of pionic 
atoms and, to a lesser extent, for kaonic atoms. In the case of kaonic hydrogen the 
kaon is the sole orbiting particle.
1.2. The Strong Interaction Shift
Hadronic atoms are normally formed in a highly excited state from which the 
hadron cascades down until either it is absorbed in the nucleus (or decays) or reaches 
the atomic ground (IS) state.
Such is the short-range nature of the strong nuclear force that it has a measurable 
effect only when the kaon is in an S state. j^Hence a kaon in any state other than its 
lowest has the same binding energy (for all practical purposes) as a particle with a 
pure point-Coulomb interaction, i.e. that given by the Bohr formula. By comparing 
the energies of the IS state in a kaonic hydrogen atom with the Bohr formula for the 
pure Coulomb case we can investigate the strong nuclear force which is responsible for 
the difference in binding energy.
The presence of the strong nuclear force will cause the energy of the IS level to be 
shifted and broadened from a sharp line to a less distinct band. The shift is denoted 
by e and the width is T. There has been some confusion in previous work about the 
definition of e and in this work it is defined by the equation:
is  = c  +  » f/2  (1.2.1)
^ 2 P -1 S  =  ( * P  -  ^15)CX,,t -  (#2P -  E l s y m (1.2.2)
^ 2 P - i s  =  ( f tP  ~  ^15 )<he°ry -  (^2P ~  ^15 )Cm • (1-2.3)
where (J5?2p — E \S )era is calculated assuming that there are only electromagnetic forces 
between the kaon and the nucleus.
In principle this means taking into account the finite size of the nucleus and the 
radiative corrections such as vacuum polarization and we should also make relativistic 
corrections but for kaonic hydrogen these amount to less than 1 eV (compared with 
E is  ~  8 KeV and typical values of <$i?2P—*-is of several hundred eV). We may also
assume that E^p — E^p =  0, which is valid to within a fraction of an eV.
1.3. Experiments
Attempts were first made to measure the X-rays emitted from kaonic hydrogen by 
bombarding a target of either liquid or high-pressure gas hydrogen with low energy 
kaons. These experiment were in unsuccessful for three major reasons: Firstly the 
X-rays produced are of very low energy («  6 KeV) so that detectors must be very 
sensitive and delicate. Secondly, the X-rays are very close in energy to electronic K a 
X-rays from Fe, Ni and Cu, all of which are common in equipment used in detector 
and target apparatus. Thirdly the X-rays are low in intensity because of Stark mixing,
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b o  th&t there will be strong absorption of kaons from high-n atomic S-states populated 
by Stark effects during collisions between K ~ p  atoms and ordinary atoms.
There have been three experiments which have claimed to measure the shift and 
width of the IS level of kaonic hydrogen. Because of the problems of obtaining these 
results we shall discuss the experimental method and results in detail (§3).
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Figure 1. The strong-interaction width T vs the shift Re 8E. The rectangles give 
the region within one standard deviation of the measurements on kaonic hydrogen. 
The points are values predicted from scattering lengths by Conboy (1985) and Dalitz 
(1982)
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1.4. Kaonic Hydrogen
Kaonic hydrogen is the most basic case of an exotic atom, the orbiting electron of 
normal electronic hydrogen being replaced by a K-meson which is a hadron. When the 
hadron becomes part of the electron cloud surrounding the nucleus it cascades down 
through the energy states until there is sufficient overlap between its wave function 
and that of the nuclear matter for absorption to occur. Because of the large mass of 
the hadron relative to the electron which it replaces there is a nuclear reaction between 
the hadron and the nuclear matter which does not occur in the normal hydrogen atom. 
Hence the energy of the atomic states in this exotic hydrogen atom are shifted from 
their normal energies. These shifts and the widths associated with the spreading of 
the state are of interest because the nuclear reaction only occurs where the hadron is 
in close enough proximity for i t’s wave function to overlap significantly with that of 
the nuclear matter, thus enabling a study of the distribution of the nuclear m atter. 
Moreover, because of the short range of the strong nuclear interaction the reaction 
takes place on the surface of the nucleus thus providing a study of the surface area in 
particular. Through the various studies of kaonic atoms [e.g. Deloff and Law (1974) 
two-bodied effective potentials have been derived which have then been used to predict 
the shifts and widths involved. Although this has been done successfully for all kaonic 
atoms of Z >  i ,  a problem has arisen in the study of kaonic hydrogen. This is due 
to the fact that the theoretical work which starts with the known scattering lengths 
involved results in predicted values of the shift in energy of the IS state is of the 
opposite sign to that found by experiments [ Davies et al (1979), Izycki et al (1980),
Bird et al (1983) ]
In 1987 Law, Turner and Barrett (1987) simultaneously reproduced both the 
scattering data and the experimental shifts and widths by including the interference 
term between the nuclear and electromagnetic potentials in the Klein-Gordon 
equation, and fitting the strengths and ranges of the optical potential using a point- 
charge Coulomb potential. Part of this current work involves an attempt to do the fit 
using a finite-nucleus Coulomb potential.
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2. Form ation and Life o f a Kaonic atom
The K meson , or ‘kaon’ is an unstable particle of mass intermediate between that 
of the nucleon and the electron. Once produced the charged kaon has a mean lifetime 
of 1.2371 x 10“ 8 seconds and decays through a variety of different channels, mainly 
via production of the much less massive 7C meson. Apart from decay, the lifetime of 
a kaon may be brought to an end by nuclear capture. Since this necessarily involves 
the formation of a kaonic atom let us consider a typical process of a K meson capture 
by a nucleus.
As the kaon moves through matter it is slowed down by collisions with electrons 
until it has lost sufficient energy to be captured by a single atom. At this point 
in time the kaon is in a highly excited state and for nuclear capture to occur must 
first be brought down into the ‘electron cloud’ and then into such an orbit that its 
wave function will overlap significantly with that of the nuclear m atter. Initial de­
excitation is brought about by the Auger effect, the emission of an outer shell electron 
simultaneous to the kaon’s dropping into an incomplete lower shell. The emitted 
electron carries off the excess energy so no X-rays will emerge to be observed for these 
transitions. Once the kaon has dropped down to a state of n «  (mK /™>e) ^ 3 0  and 
is in the electron cloud the de-excitation by X-ray emission becomes dominant. The 
kaon now cascades down through the n states until near the end of the series where 
the emitted X-rays can be analyzed to determine the energies of the kaon in those 
states. It is in these very low states (n =  1 —» 6, depending on the size of the nucleus) 
that there is sufficient overlap of wave function between the kaon and nucleus for the
very short-ranged strong interaction to occur.
It is because of the very short range of that force that the shifts in energy and 
the spreading of lines (widths) which it causes are of particular interest because the 
interaction occurs only between the kaon and the outermost nuclear matter. Hence 
knowledge of the interaction gives us an insight into the distribution of matter within 
the nucleus. As the overlap of wave functions increases , the kaon will undergo nuclear 
absorption and the process will be completed.
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3. Experim ents on Kaonic Hydrogen
There have been three experiments conducted which claim to have been successful 
in detecting and measuring the X-rays resulting from the 2P —»■ IS transition for 
kaonic hydrogen. Such experiments are made very difficult by the low yield of these 
X-rays and the subsequent difficulty in detecting them with certainty against the 
background and other X-rays in the experiment. The diagram below shows the outline 
of the apparatus employed by both Davies et al (1979) and Bird et al (1983) in their 
experiments.
The target vessel in these experiments was made of aluminium in order to minimize 
background X-rays being produced in the same energy region as the 2p—»ls transition 
X-rays in kaonic hydrogen. The targeted beam of kaons entered from the side with 
an energy of ~  600 MeV/c and a Si(Li) detector was situated above the target to 
register the resultant X-rays. A thin Be window joined the target! to the detector as 
this allowed the low-energy X-rays to pass.
The kaon beam was bunched into 500 ms bursts, each burst containing 5000 kaons 
with a predicted X-ray yield of 0.0008 this was expected to produce approximately 4 
relevant X-rays per burst.
In any experiment of this nature a background spectrum characteristic of the 
apparatus will pollute the resulting spectrum and this had to be taken into account. 
In order to do this cascade calculations were used to predict the relative yields of 
various contaminants in the system, so identifying their positions and expected yields
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Figure 2. Apparatus for the detection of kaonic hydrogen X-rays 
on the resultant spectrum.
The spectrum obtained by the experiment of Bird et al is shown below:
As can be seen, the contaminating X-rays are a large factor in the spectrum but a 
peak is clearly visible where it is expected for the 2P—»1S transition at 6.52 ±  0.006 
keV.
The low yields involved in this experiment mean that the actual number of counts
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Figure 3. X-ray spectrum for energies <  20 KeV
produced are necessarily very low and for this reason the conclusions could be called 
into question because of the possibility of errors. The experiments of Izycki et al 
(1980) and Davies et al (1979) are in broad agreement with those shown here so it 
can be concluded that these results are worthy of consideration from a theoretical 
viewpoint in attempting to understand why they occur.
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4. Scattering Lengths
The scattering length of a system is the distance from the origin at which the 
wave function goes to zero in the low energy limit. It has been of particular interest 
in the study of kaonic hydrogen because of the way theory ties it in with the shifts 
and widths expected in the bound state.
The scattering length oo can be derived from the phase shift S by the equation:
ao =  — 1/kcotS (4-1)
The phase shift is itself derived from the scattering matrix by the relationship:
S  = exp(2iS) (4.2)
where the scattering matrix S is defined by
^Hr ) w oTT— [exp(—ikEr) — Sexp(—ikEr)] (r —»• oo) (4.3)
2 l k E T
and kE is the moment inn of the incoming wave.
Hence by solving the Schrodinger equation to obtain the S-matrix we can derive 
the scattering length.
14
In this chapter we shall first derive and consider the scattering length for the 
K ~ p  system in the non-relativistic case using a non-local potential and use this as a 
reference point in the much more involved relativistic analysis of the scattering by a 
non-local potential.
4.1. The Trueman Formula for the Scattering Length
A formula which goes beyond first-order perturbation theory was derived by 
Trueman (1961) and it gives the shift and width in terms of the scattering length
SE =  2o?\i<?A°p (1 -3 .0 7 7 ^  / B ) / B  ( 4 . 1.1)
where a  is the fine-structure constant, the reduced mass, A^  the Coulomb-corrected 
K“ p scattering length and B the Bohr radius. The factor before is 412.11 eV / m _1
This shows that the second order term is likely to be small since the scattering
length happens to be small and the Bohr radius is ~  83.6 fin.
4.2. Calculating the Scattering Length (Non-Relativistic)
Consider the Schrodinger equation for the K“ p system:
(T  + V-E) \ i f r (r )  > = 0  (4.2.1)
in momentum space this becomes:
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(k2 -  k% )j>{k) = -  J  dk'V(k,k')i>(k') (4.2.2)
We assume a separable potential of the form
V(r,r' )  =  Av(r)v(r') (4.2.3)
where A is a complex strength and v is a potential form-factor and take the form- 
factors to be of the Yamaguchi type j.e.
v(r) =  ^r) /r  (4.2.4)
The Fourier transform of this is
This gives
(Jk2 -  4  )i/>(k) = —v (k ) \M  (4.2.6)
where
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(4.2.7)
For scattering this gives
hence,
where,
M   ^ i d?k\v(k)M= v(kE)~ J V - k l
M = ^ 1  
1 +  /
I  =  I f k X m M
- J k * - k l
and solving the integral I  by residues,
i  +  a/PG s - » * ) * ]
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(4.2.8)
(4.2.9)
(4.2.10)
(4.2.11)
(4.2.12)
We get V'(r) by transforming (4.2.3) back into configuration space
ij>(r) =  — AM(2/7r)1/2 f
Jo
d?k e‘l r
( k * ^ - - i f  ) ( * * + £ * )
The s-wave part of exp(*‘fcr) is sin(kr)/kr
V’W  =  ^(r) -
XM\ZEtt f°° ke
.
i k . r
ir J - o o ( k * - k l ) ( V + P )
again solving by residues and substituting for M ,
47ra/9A
P{k% + P 2) + Mfi +  ikE ) r
(r —► oo)
for incoming waves of energy kE ,
sinkEr e'kET — e %hBT 
kEr 2 ikEr
^ ( r ) =  To
— 1
2ikEr
—i k B r -  1 - i - Sna/3kE
JkEr
p {k \ +  p y  +  ACS +  ikEf  r
comparing with (4.3) for defining the S-matrix gives:
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(4.2.13)
(4.2.14)
(4.2.15)
(4.2.16)
(4.2.17)
g  _  ._______ 87ra{3\kE________
~'p(k% + p * f + \ ( p + i k E)2 ’
Hence having found the scattering matrix we can use equations (4.1) and (4.2) to 
calculate the scattering length in the non-relativistic case.
4.3. Calculating the Scattering Length (Relativistic)
In order to investigate relativistic effects in the kaon-proton system we have used 
a Yamaguchi potential in the following equation:
[(p2 +  m2)1/2 +  V  -  E]\j> >= 0 (4.2.19)
The scattering length is obtained for this equation in the Appendix.
(4.2.18)
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5. Phenom enological Potentials
There have been a number of phenomenological potentials fitted to low energy 
scattering data or to kaonic hydrogen or both. The first used a separable potential of 
Yamaguchi form and the coupling between the 1=0 K N  and Hw channels was explicitly 
included [Alberg et al (1976), Henley et al (1980)]. This problem was treated non- 
relativistically.
These potentials were used by Barrett (1982) to predict the strong interaction shift 
and width in kaonic hydrogen. The same form of potential was also used by Schnick 
and Landau (1987) to obtain a simultaneous fit to kaonic hydrogen and low energy 
scattering.
An alternative approach is to find a local single-channel optical potential, as has 
been done by Deloff and Law (1974). They solved the Klein-Gordon equation and 
initially followed the standard procedure of putting in only a linear term for the 
strong interaction. Later Law, Turner and Barrett (1987) used both scalar and vector 
potentials and kept the squared term and the Coulomb - nuclear interference term. It 
was found that this made a dramatic difference.
5.1. Separable Potentials
The non-relativistic coupled equations are:
(V2 +  e,-)V»,- =  f tiK W  +  )vn(r) f  <fVvn(r')Vv(r) (5.1.1)
where the summation over n includes the two isospin channels 1=0 and 1=1.
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Iii the method of Barrett (1982) the Coulomb force was also represented by a 
Yamaguchi potential with the range equal to the Bohr radius and the strength chosen 
to give the point charge pure Coulomb IS energy. This gives the IS wave- function 
exactly in the absence of the strong force. The resulting eigenvalues are then given by 
the zeroes of the determinant of the matrix whose elements are:
, j  _ c  c _i_ \n /  V„(k)vm(k)<Pk
Uni,mj — m°ij +  J  — g.) (5.1.2)
where vn(k) is the Fourier transform of v„(r).
The results obtained by Barrett were all in the region of E=400 eV, T =  600ey 
compared with the values of Bird et al of E= -193 eV, and T =  80eV, i.e. again 
producing the usual difference in sign for the shift.
We have been working on a relativistic version of Barrett’s method using the 
equation:
[(p2 +  m 2)1/2 +  V — E\ij> =  0 (5.1.3)
For a single channel the wave function ^  is given by
M i (fc) (s-1-4)[k2 +  m 2)1/2 - E ]
where
and I is the integral
M -  %(kE) .
M  [1 -f- /] (5.1.4a)
„  / yw (5 . ^ ,
J (k? + m2) — E
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The derivation of this integral is given in Appendix A.
5.2. Local Optical Potentials
Deloff and Law (1974) used a single complex potential for the K ~ p  and K ~ n  
interaction and folded it in to nuclear densities in order to calculate the K ~  optical 
potential. This potential was fitted to the K N  scattering lengths and the K~*He 
data and give the usual wrong sign of the K ~ H  shift.
They used the Klein-Gordon equation and tried different forms of potential, both 
scalar (Vs) and vector (Vv). They also tried a form in which the Vg , Vy and the 
Vy Vc (nuclear - coulomb interference) terms were neglected. For K- nuclei (with A 
> 4) it did not m atter which form of the potential was used.
Law, Turner and Barrett (1987) searched for a fit to K ~ H  and the scattering 
lengths with the full Klein-Gordon equation with both scalar and vector terms and 
they found that with pure scalar it was not possible to fit all the data but with pure 
vector or with equal vector and scalar potentials it was possible. Since they used a 
point Coulomb potential, however, their results were purely of academic interest only. 
A great deal of this current work involved attempting to re-produce the results claimed 
by the above paper and to take them further by introducing a  finite proton charge in 
order to obtain a physically-meaningful potential fit to the data. Hence it is worth 
reviewing the method adopted by both Law, Turner and Barrett and in this present 
work.
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5.3. The Search for a Potential to Fit the Scattering Data (Point Charge)
We begin by considering the form of the equation used to solve for a meson moving
in an electromagnetic field. In the relativistic analysis adopted here this is a straight­
forward Klein-Gordon equation:
IV2 + ( E - V c)2 - S W  = 0 (5.3.1)
The question now arises of how to include a potential to provide for the strong 
nuclear interaction. Early attempts either included this as a scalar as in equation
(5.3.2) and neglected the V£ term or as the final component of a 4-vector as in equation
(5.3.3), this time neglecting both the and the Coulomb-nuclear interference term 
VkVc. The two types of equation used were as follows:
[V2 + { E -  Vc)2 -  n2]i> = 2 /iV ^  (5.3.2)
[V2 + ( E - V C)2 - fi2]Tj> = 2EVl t/> (5.3.3)
where Vc and Vk are the Coulomb and the strong nuclear potentials respectively, 
and p  is the reduced mass of the K ~p system given by:
p  =  m km nuc/(m k -f m nuc) (5.3.4)
The aim of the work of Law, Turner and Barrett was to achieve a simultaneous 
fit to both the scattering length and to the experimental shifts and widths for kaonic 
atoms up to Z «  90 by treating the strong nuclear force as a vector potential (as in 
equation (5.3.3) ), but not ignoring the square and cross terms.
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Hence the form of Klein-Gordon equation used is as follows:
[V2 + [ E - V . - (  1 - v)Vk ]2 - [ h + vVk ]2 W  = 2EVt  (5.3.5)
where Ve is the Coulomb potential and 77 is a parameter which controls the relative 
amounts of scalar and vector potential.
A single Gaussian potential form was used for the strong nuclear interaction 
potential VKp This is as follows:
VKp =  —Vpexp(—0A5$6r2/Pp) (5.3.6)
where Vp is a complex potential strength to simulate coupling to other possible 
channels and /3P is the range. The Jf°npotential which is used to calculate and fit 
to the neutron scattering length is similarly taken to be:
VKn =  —V„ ezp(-0.4586r2//?2) (5.3.7)
Again the strength Vn is complex and (3n is the range. The nuclear density is assumed 
to have a Fermi shape such that
p = p0[ l  + e xp [(r -tf/a ]]-1 (5.3.8)
where parameters of c and a for the various nuclei are taken from Collard etal (1967).
r
This suffices even for the lightest nuclei since the strong interaction effects are almost 
shape-independent in those cases.
The parameters in these potential forms were used in a computer search to fit them 
to the scattering lengths (these being the most reliable data). From these parameters
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the resulting shifts and widths were then calculated and compared to those found by 
Bird etal (1983), e =  193 ±  t‘0.70 <zV'} T =  80 ±  230 eV for Z = l, and the complete set 
of shifts and widths for other kaonic atoms compiled by Batty (1980).
It turns out that these particular potential forms are able to fit all of the data for 
kaonic atoms of Z  > 1 whether the strong force is treated as a scalar force, a vector 
force, or a combination of the two and so prove fairly comprehensive. Interest then 
centred on the Z  = 1 case, namely kaonic hydrogen.
Because of the failure of past attempts to reconcile the theory concerning scattering 
lengths to the positive (under this sign convention) shift in energy of the Is level it 
is not surprising that the single Gaussian potential form fails to yield a positive shift 
when the search to fit this form of potential to the scattering length data was used. 
This failure was repeated whether the potential is used as pure scalar, pure vector or 
a mixture of vector and scalar.
It was found, however, that a simultaneous fit to all the data could be made by 
using a  form of Vk p potential consisting of three Gaussians as follows:
VKp =  —Vp[ exp(—0A586r2//32) — \ie x p (—0A586r2//3l) — \ 2exp(—0.4586r2//?f )]
(5.3.9)
where Ai and A  2, are complex strengths. VKn is unchanged in its single-Gaussian 
form. This fit could only be achieved if the strong force was introduced as a purely 
vector potential.
After some difficulty we were able to reproduce a similar fit to those of Law, Turner
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and Barrett the parameters of which are shown below in Table 1.
5.4. Search for an LTB-type Potential with a Finite Proton Charge
We have tried the same calculation as Law, Turner and Barrett with a Coulomb 
potential calculated with a uniformly charged proton of radius 1.033 fm and found the 
following parameters (using the notation of Law, Turner and Barrett 1987):
Table 1. Parameters for LTB-type potential with point and finite proton charge
Parameter Point Finite
Vp (MeV) -941 +  *6300 (1.7 -  *0.7) x 106
A  (fm) 0.611 0.25
^1 0.311 +  *0.42 -125 +  tl9
A  (fm) 0 .1 1 2 0.07
A2 0.865 +  *0.01 17.3 - 1 .9
A  (fm) 0.633 0.15
K  (MeV) 193 +  *237 193 +  *237
A  (fm) 0.4 0.4
V 0 0
tjds was folded into the proton density (assumed to be a Gaussian) and gave an exact 
fit to the shift, width and scattering lengths.
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This potential is unrealistically strong and has many strongly bound states. 
Attempts to find a physically reasonable-looking potential to fit all the data have 
been unsuccessful.
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6. C onclusions
Many attempts have been made but there does not seem to be any way of 
reconciling the kaonic hydrogen and the KN scattering data. Those calculations which 
have succeeded in fitting both have had unbelievable parameters such as the zero 
radius of the proton charge (LTB) or the absurdly strong K ~ p  potential (this work) 
or have neglected some of the data (Schnick and Landau). In the latter case the 
potentials were fitted to the K ~ H  and the low-energy scattering data but not to the 
scattering lengths. The latter are also constrained by much inelastic data and some of 
the calculations of these quantities have involved using dispersion relations in addition 
to the direct experimental data. Hence the Schick and Landau calculation does not 
solve the discrepancy.
A more likely explanation is that the exceedingly difficult experiments Eire not 
correct and the lines seen were spurious. There could easily have been problems with 
radiation damage to detectors and this could have been the cause of the lines seen 
and explain the very small widths obtained by two of the groups. Such a small width 
is inconsistent with the known strong K N  reaction cross-section.
The relativistic integrEil calculated in the Appendix agrees with the non-relativistic 
formula to within about 1% for typical values of /? and the energy in the K ~ p channel. 
In the S  7r channel where the kinetic energy is of the order of 100 MeV the relativistic 
integral is about 50% larger than the non-relativistic one, indicating the importcince 
of relativity in a calculation in which this chEinnel is coupled in explicitly.
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